Spin waves and Collisional Frequency Shifts of a Trapped- Atom Clock 
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We excite spin-waves with spatially inhomogeneous pulses and study the resulting frequency 
shifts of a chip-scale atomic clock of trapped *^Rb. The density-dependent frequency shifts of the 
hyperfine transition simulate the s-wave collisional frequency shifts of fermions, including those of 
optical lattice clocks. As the spin polarizations oscillate in the trap, the frequency shift reverses 
and it depends on the area of the second Ramsey pulse, exhibiting a predicted beyond mean-field 
frequency shift. Numerical and analytic models illustrate these observed behaviors. 



Quantum scattering in an ultracold gas of indistin- 
guishable spin- 1/2 atoms leads to rich and unexpected 
behaviors, even above the onset of quantum degeneracy. 
Among these, spin waves are a beautiful macroscopic 
manifestation of identical spin rotation (ISR) [1-4]. ISR 
also inhibits dephasing, which can dramatically increase 
the coherence time in a trapped ensemble of interacting 
atoms to tens of seconds [5, 6], with possible applications 
to compact atomic clocks and quantum memories. An- 
other example is collisional interactions in optical lattice 
clocks [7-10]. Their detailed understanding is a prerequi- 
site for optical lattice clocks to realize their full potential 
as future primary standards. 

At ultracold temperatures, scattering is purely s-wave, 
which is forbidden for indistinguishable fermions, sug- 
gesting that clocks using ultracold fermions are immune 
to collision shifts [11, 12]. However, spatial inhomo- 
geneities of the clock field, which are naturally larger 
for optical frequency fields than for radio-frequencies, al- 
low fermions to become distinguishable and therefore can 
lead to s-wave clock shifts [cS-lO]. A series of experiments 
attributed the collision shifts of Sr lattice clocks to these 
novel s-wave fermion collisions with inhomogeneous clock 
field excitations [7, 13, 14]. However, subsequent work 
showed that p-waves dominate for Yb lattice clocks, and 
p-wave scattering is consistent with all the observed Sr 
collisional frequency shifts [15]. 

Bosons with state-independent scattering lengths have 
fermion-like exchange interactions [8, 16, 17]. This allows 
us to simulate the s-wave fermion collisional shift with 
a chip-scale clock that traps ®^Rb, a boson with nearly 
equal scattering lengths. We observe the distinguishing 
feature that the collisional shift in the presence of inho- 
mogcnous excitations depends on the area of the second 
Ramsey clock pulse. This dependence sets it apart from 
the well-known s-wave shift for homogeneous excitations, 
which is absent for fermions and, for bosons, depends 
only on the first pulse area, and hence the population dif- 
ference of the two clocks states [8, 18]. Further, inhomo- 
geneous excitations directly excite spin waves. We show 
an inextricable link between spin-waves and the s-wave 
fermion collisional shifts. Notably, we observe frequency 



FIG. 1. Calculated microwave field amplitude of the coplanar 
waveguide on our atom chip, in arbitrary units. The rapidly 
decaying near-field causes a small vertical gradient of the spin- 
polarization across the trapped atom cloud. 



shifts that change sign as spin polarizations oscillate in 
the trap. 

We perform Ramsey spectroscopy with two spatially 
inhomogeneous pulses to study spin waves and the col- 
lisional frequency shifts of trapped *''Rb atoms. The 
first clock pulse creates an inhomogeneous spin polar- 
ization, which varies linearly in space. We directly ob- 
serve a spatiotemporal oscillation of this spin polariza- 
tion, which characterizes the strength of the atomic in- 
teractions. Driving a second Ramsey pulse, we measure 
frequency shifts of this clock. Here we vary the areas of 
each pulse and the interrogation time between the two 
pulses, to probe the unique behaviors of s-wave fermion 
clock shifts. We develop analytic and numerical mod- 
els that describe the observed spin-waves and the novel 
dependence on the area of the second Ramsey pulse. 



Our chip-scale atomic clock magnetically traps be- 
tween 10"^ and 10^ atoms at a distance zq = 156 fj,m below 
a microwave coplanar waveguide on our atom chip [5, 19]. 
A microwave and radio-frequency, two-photon excita- 
tion drives the clock transition, [J,) = \F = l,mp = — 1) 
to [t> = |F = 2,TOF 1>- The near field of the mi- 
crowave guide (Fig. 1) creates a slightly inhomoge- 
neous Rabi frequency in the vertical z direction, fi(r) = 
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r2o(l + 5iz + 52z'^ + ...). The trap frequencies are 
{uj^,ujy,uj^) = 27r(32(l), 97(1), 119.5(5)) Hz. The tem- 
perature of the cloud is 175(6) nK, at least 30 nK above 
the onset of Bose Einstein condensation, with no mea- 
surable dependence on the atom number. At this tem- 
perature, the identical spin rotation rate uJex, of order 
ijJmf = 47rfi,|af4.|n/TO, dominates in our experiments. 
The lateral collision rate 7c oc a^^nvT is always much 
lower than the trap frequencies, corresponding to the 
Knudsen regime. Here a^^ is the inter-state scattering 
length, n the mean density, m the atomic mass and vt 
the thermal velocity. The magnetic field at the trap cen- 
ter is tuned to minimize the inhomogeneous spread of 
transition frequency [20] so that dephasing can be ne- 
glected on the timescales we consider [21]. 

The variation of the Rabi frequency across the atom 
cloud is determined by fitting the resonant Rabi flopping 
using fio 3> uJz so that atomic motion during the pulse 
can be neglected (Fig. 2(a)). We find 5i ~ 0.1 ^z~^ and 
(52 ~ which is reasonable since the r.m.s. cloud radius 
^z =4.1^m< zq. [22]. 



We initiate a spin- wave with a single r = 1.05 ms exci- 
tation pulse of area ^qt = 2.57r. We use a multiple of tt/2 
to produce a larger spin inhomogcneity. This inhomoge- 
neous spin population then oscillates in the trap and we 
observe the oscillation by holding the atoms in the trap 
for various times th after the Rabi pulse, followed by 7 ms 
of time-of-flight and state-selective absorption imaging. 
Fig 3(a) shows the center of mass of the |t) component. 
The data for our lowest atom density exhibits a simple 
oscillation at Wz, and the \\.) cloud (not shown) oscillates 
out of phase. The center of mass of the total population 
shows no measurable oscillation. Increasing the density, 
we observe a collapse and revival of the oscillation at 
shorter and shorter times. At th ~ 80 ms, the oscillation 
for the highest density is out of phase with the lowest. As 
we show below, this is a signature of a spin wave driven 
by ISR. 



We can intuitively illustrate the spin dynamics by 
considering two localized atoms oscillating in a one- 
dimensional trap with frequency tOz (Fig. 2(b)). With 
the atoms initially on opposite sides of the trap center 
in state H), they are excited with a short Rabi pulse of 
mean area, typically 9i = VIot = tt/2. Since f2 = ^{z), 
the atoms experience different Bloch vector rotations 
9i ± A^i. After the pulse, the atoms oscillate in the 
trap during the Ramsey interrogation time Tr as in Fig. 
3(a). In the absence of interactions, each atom main- 
tains its spin orientation, in a frame that rotates at the 
atomic transition frequency, and thus the spatial spin 
populations simply oscillate at lUz- Note that the phase 




FIG. 2. (a) Inhomogeneous Rabi flopping with fi(r) = ^lo{l + 
Siz). The data are fltted to models of two trapped atoms: 
(red) an analytic model with a single motional sideband gives 
Si — 0.147(4) 57^. (blue) numerical simulation for represen- 
tative vibrational states rj- = 30±8 yields Si = 0.090(4) . 
(b) Bloch sphere evolution of the spins of two representative 
atoms (blue and red), which are initially on opposite sides of 
the trap in state \D. The flrst inhomogeneous Ramsey exci- 
tation pulse rotates the spins differently {6red,i = 47r/5 and 
9biue,i = tt/S). During the Ramsey interrogation time, the 
scattering produces an ISR rotation of the two spins around 
their sum (black arrow), here, by u^xTr = 7r/2. We take a 
second pulse with the same inhomogeneity as the flrst, but 
weaker, O2 = n/8. It barely moves the blue spin, whereas 
the red rotates to be more vertical. We detect the vertical 
projection of each spin Sz , corresponding to the points in (c) . 
In (c) we trace Sz as a function of detuning, showing the res- 
onance shifted to a negative detuning. For cj^Tr = {2j + 1)-k, 
both atoms have switched sides of the trap so that the in- 
homogeneity of the 2nd pulse instead gives the blue spin a 
larger rotation, hence higher Ramsey fringe contrast. Thus 
the frequency shift changes sign as the spins oscillate in the 
trap. 



of each atom's coherence is constant. However, if there 
are exchange interactions, the two spins will rotate with 
an ISR rate LJex around their total spin as they repeat- 
edly collide (Fig. 2(b)) [5, IG]. In a time Tr/uex, the 
two atoms exchange their spin polarizations, producing 
a beat between uJex and lOz ■ This introduces the frequency 
iJex into the spatial oscillation of the spins, producing a 
beat between oj^x and ujz- For each curve, we extract 
iJex, which varies linearly with density (Fig. 3(b)), as 
27r 1.4Hz/(10^^at/cm'^) x n, within our uncertainty. [23] 
The spatiotemporal spin oscillation has important con- 
sequences for Ramsey spectroscopy. The second Ramsey 
pulse reads-out the phase of the atomic coherences. Be- 
tween the pulses, the exchange interaction modulates the 
phase of each atom's coherence as the spins rotate about 
one another (Fig. 2(b)). If we were to measure the transi- 
tion probability of one of the atoms above [8] , the appar- 
ent resonance frequency would depend on Tr - it would 
be modulated at ujex- In the usual case when both atoms 
are detected, the frequency excursion of this modulated 
collision shift is reduced (Fig. 2(c)). The shift averages to 
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FIG. 3. (a) Center of mass position of the |t) component 
of the cold atom cloud versus time after a single 57r/2 pulse 
for various atomic densities (in 10^^ atoms/cm'^). Succes- 
sive curves are offset vertically by O.S^z. As the density in- 
creases, a beat appears between the trap frequency and the 
increasingly faster identical spin rotation rate ujex, charac- 
teristic for spin waves, (b) Fitting Uex versus density gives 
27rl.4Hz/(10^^atoms/cm^) x n. 



zero if the second Ramsey pulse is homogeneous. For an 
inhomogeneous second pulse, the two Bloch vectors expe- 
rience different rotations 62^^62 = f2(zi(TR))r depend- 
ing on their positions at the time of the pulse. This gives 
them different weights in the Ramsey measurement, mak- 
ing the cancellation incomplete, unless the second pulse 
is an odd multiple of 7r/2, which reads out the phases 
of both atoms with the same sensitivity [S] . This simple 
model predicts a clock shift 

_ A6>i A6I2 sin {uJexTn) cos (uj^Tr) cos 02 
'iirTfj sin 9i sin 62 

It extends the results in [8] to uisxTr > 1 and unresolved 
sidebands. Here we linearize the dependence on A9i. A 
singlet-triplet basis provides helpful insight and also leads 
to Eq. (1). Before the first pulse the two atoms are in 
the triplet state 15,7718) — 1). The inhomogeneous 
excitation pulse makes them partially distinguishable and 
populates the singlet state |0, 0) [24], which then accrues 
a collisional phase shift during the Ramsey interrogation 
time [25]. When i^o ~ uJz,i-Oex, we numerically calculate 
the evolution of the S = 1 pseudo-spin system, coherently 
including all transitions up to the 5th sideband. We also 
treat the 5% scattering length difference a^^ < a^i < 04.4.. 

To experimentally test eq. (1), we measure the shift 
of the clock's frequency with a Ramsey sequence for the 



same range of densities as in Fig. 3. Fig. 4(a) shows the 
measured shift as a function of density for two ri_2 = 
1.05 ms pulses separated by a Tr — 100 ms interrogation 
time, which is close to a multiple of the trap period. The 
first pulse area is 6*1 = 57r/2 and the second is 62 = 
2.27r. Like above, a large pulse area is used to increase 
the inhomogeneity. The observed frequency shift indeed 
oscillates as a function of density, giving a frequency shift 
that is inconsistent with the often-used mean-field shift 
[7, 9, 12, 18]. Moreover, the first zero of Si' indeed occurs 
for oj^xTr = TT, with the value of ujex being determined 
from the data in Fig. 3 for this density. This confirms a 
distinguishing prediction of eq. (1). 

We also measure the shift as a function of Tr 
(Fig. 4(b)). Again we use 9i = 2.57r and 6*2 = 2.27r and 
determine the frequency shift 5v for each of the atomic 
densities, n sa {0.4, 0.8, 1.3, 1.7} 10^^ at/cm^. From a lin- 
ear fit we extract the slope a ~ dSv/dNat- This sup- 
presses potential density-independent frequency shifts 
that vary with Tr. Whenever the spatial spin distribu- 
tion is the same for the first and second Ramsey pulses, 
the shift has the same sign and has the opposite sign 
when the spatial spin distribution reverses. This em- 
phasizes the importance of the correlation between the 
inhomogeneities of the first and second Ramsey pulses. 
In the low-density regime, (n < lO^^at/cm^), Eq. 1 pre- 
dicts that a in Fig. 4(b) should oscillate at w^. Here, 
the mean frequency shift is offset, as expected from the 
small scattering length difi'erences. 

A distinguishing feature of the s-wave fermion colli- 
sions (eq. 1) is that the frequency shift depends on the 
area of the second Ramsey pulse [cS]. For homogeneous 
excitations of ultracold bosons, the frequency shift de- 
pends on the area of the first Ramsey pulse, which de- 
termines the population difference of the clock states for 
the collisions during the Ramsey interrogation time. This 
unique feature was not demonstrated in the observations 
of collisional shifts of lattice clocks [7, 9, 10, 13-15]. We 
apply 9i ~ 2.57r, Tr = 92 ms and vary the second 
pulse area ^2 via the microwave power, keeping the du- 
ration fixed. The resulting a is shown in Fig. 4(c) (black 
squares) . The 1 / tan 6*2 dependence predicted in [8] and 
(1) is clearly visible. 

To show the quantitative agreement between the data 
of Fig. 4 and our models we use the experimental 
parameters, including Si which is independently deter- 
mined from the resonant Rabi flopping with the respec- 
tive model (Fig. 2(a)). The numerical model reproduces 
the data [2G]. The analytical model eq. 1 reproduces the 
oscillations but overestimates the amplitude of the shift 
by 60%. Including many sidebands, the numerical model 
gives better agreement as expected. 

We also vary the area of the first Ramsey pulse 9i, 
keeping 92 = 57r/2 fixed. Surprisingly, the shift is com- 
parable to when 92 is varied. Eq. (1) has a small de- 
pendence on 01 when 02 is not exactly 57r/2 but the pre- 
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FIG. 4. (a) Measured frequency shifts for a Ramsey sequence 
Tr = 100 ms, Q\ = 2.57r and 02 = 2.27r versus interaction 
strength, which is proportional to density. The shift is non- 
hnear; in fact it oscillates as the density increases. For ref- 
erence we plot the known shift for homogeneous excitations, 
iv = (a-t-t- — ail) I (2-KaA;i)bj^x (black line), (b) Density shift 
per atom d5v/dNat in the low interaction regime versus Tr 
with 9 1 = 2.5tt and 02 — 2.2n. The shift oscillates as the 
spin polarizations oscillate in the trap. (c)Dependence on the 
first and second pulse areas. Black squares: dSu/dNat for 
Tr = 92 ms with 6i = 2.5tt fixed and 02 variable. The green 
horizontal line is a reference measurement with 62 — it/2 giv- 
ing —6 ^Hz/atom, the expected frequency shift in the absence 
of ISR and predicted from the difference of scattering lengths. 
A numerical calculation based on the singlet-triplet model for 
two atoms (blue line) reproduces the data with no free param- 
eters. Eq. 1 qualitatively reproduces the observed behaviours, 
but overestimates the shift by 60% (red line). Magenta dots: 
6\ variable and 62 = 2.57r fixed. This dependence is not re- 
produced by either of the models. 



dieted shift is much smaller than observed and would not 
change sign near 9i = 2.57r. Similarly, shifts due to the 
small difference of scattering lengths a-^^ -\- a^^ — 2a^i are 
too small. However, we note that our first pulse motion- 
ally excites the spin components beyond a simple dipolar 
excitation. This leads to an oscillation of the cloud size, 
which unexpectedly varies with 9i. We speculate that 
this may produce some dephasing [27], and thereby leads 
to a dependence on Oi. 

The striking connection between spin-waves and s- 



wave fermion collision shifts demonstrated here is very 
general. We can elucidate this connection by considering 
the resolved sideband regime, used in many ultraprecise 
atomic clocks, including optical lattice clocks. With re- 
solved sidebands and weak interactions, even though the 
clock field cannot change the motional state of the atoms, 
we show that spin waves are excited. Here, the spatial 
inhomogeneity may give a low energy atom in vibrational 
state I a) a large pulse area and a high energy atom in 
\j3) a small pulse area, directly populating pair-wise sin- 
glet states |0, 0) [^]. After the pulse, the two fermionic 
atoms evolve as \^{T)) = se*' 
(/|1,0) +d|l,-l)){|a/3)} 
triplet states, {j^^-*^ denotes (anti)symmetrization, and 
u, d, t, and s are the state amplitudes. Rewriting 
this two particle wavefunction as = l/^/2{t + 



^|0,0){|a/3)}+ + 
where \l,ms) are 



"ma) |i/3)}- + l/v^(t- 



){i; a)nm- 



+ d |1, -l)){|a^)} , we see that the |t) popula- 
tions in state \a) and |/3) have an explicit oscillation at 
LJex ^ at different times T, the |t) population in the vi- 
brational states are different. Thus, whenever there is a 
fermion collision shift, spin waves must also exist, and 
the fermion collision shift will oscillate as the spin popu- 
lations oscillate in the trap. 

In summary, we observe characteristic behaviors of the 
collisional frequency shifts due to inhomogeneous excita- 
tions in an atomic clock. The inhomogeneous excitations 
create spin- waves, which we show are inextricably con- 
nected to the s-wave frequency shifts of fermion clocks, 
including optical-frequency lattice clocks. We directly 
excite dipolar spin waves via an amplitude gradient of 
the excitation field. The spin populations oscillate, ex- 
hibiting a beat between the trap frequency and the fre- 
quency of spin rotation due to particle interactions. This 
leads to a collisional frequency shift that oscillates as the 
spin populations oscillate in the trap. We observe that 
the clock collision shift does not vary linearly with the 
atomic density and, in the spin-wave regime, varying the 
Ramsey interrogation time Tu (Fig. 4(b)) could help to 
evaluate the accuracy of atomic clocks. The frequency 
shift exhibits the novel dependence on the area of the 
second Ramsey pulse, in stark contrast to the mean field 
expressions for frequency shifts with homogeneous exci- 
tations [s]. While we intentionally exaggerate the spin 
wave excitations here, these frequency shifts can be min- 
imized by using spatially homogenous fields, using side- 
band resolved pulses, and avoiding the Knudsen regime 
so that trap-state changing collisions further suppress the 
fermion shift. 
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